We present a full description of the nonergodic properties of wavefunctions on random graphs without boundary in the localized and critical regimes of the Anderson transition. We find that they are characterized by two localization lengths: the largest one describes localization along rare branches and diverges at the transition, while the second one describes localization along typical branches and remains finite at criticality. We show numerically that both quantities can be extracted from several different physical quantities: wavefunction moments, correlation functions and spectral statistics. These different localization lengths are associated with two different critical exponents, which control the finite-size scaling properties of the system close to the transition. Our approach could be directly applied to the many-body localization transition and more generally to nonergodic properties of states in Hilbert space.
Introduction. There has been a huge interest recently in the nonergodic properties of many-body states [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , in particular related to many-body localization [17, 18] (see [19] [20] [21] [22] for recent reviews). In such problems, the structure of Hilbert space is tree-like, and it was found that in many cases the states do not explore ergodically all the branches. The problem of Anderson localization on random graphs is a simple one-particle model which is believed to capture this physics, and has attracted recently a strong interest . On the finite Bethe lattice (tree with boundary) there is now a consensus that with decreasing disorder there is a transition from a localized phase to a nonergodic delocalized multifractal phase [27, 33, 35, 38, 39, 41, 43, 49] . For generic random graphs (with loops and without boundary) the situation is still debated but several numerical and analytical studies point toward a transition from a localized to an ergodic delocalized phase with however nonergodic properties below a certain scale which diverges exponentially at the transition [32, 35-37, 43, 48] . However, a precise description of such a nonergodic behavior is still lacking.
In this article, we clarify the nonergodic properties of the Anderson transition on random graphs showing, by a combination of extensive numerical simulations and scaling theory arguments, that the localized and critical regimes are characterized by two localization lengths associated with two different critical exponents. This is in striking contrast with the standard finite-dimensional case, where only a single length is known to control the transition. We show that each localization length controls the behavior of specific observables: statistics of wavefunction amplitudes, correlation functions, and spectral statistics, through which they can be extracted numerically. In the context of the many-body localization transition, some theoretical arguments have pointed towards the existence of two localization lengths in the localized regime [51, 52] . Our results may provide a way to identify such length scales in this related problem, and also more generally to study nonergodic properties of states in Hilbert space Physical picture. At strong disorder, there are theoretical arguments (forward scattering approximation) [23, [53] [54] [55] that relate Anderson localization to the problem of directed polymers. Directed polymers on trees display a glassy phase with strong non-ergodic properties, exploring only few branches instead of the exponentially many available [56] [57] [58] . The analogy thus suggests that Anderson localized states on random graphs are located on rare branches, along which they are exponentially localized with a localization length ξ , which is the usual localization length diverging at the transition. To describe the behavior on other branches, we postulate the existence of a much smaller length ξ ⊥ characterizing the exponential decay away from the rare branches.
Each of these two localization lengths can be characterized (numerically) using specific observables. First, the wavefunction amplitude moments P q = i |ψ i | 2q for large values of q (with q > 1) focus on large amplitude values and therefore reflect the localization properties of the rare populated branches governed by ξ . In contrast, values of q < 0.5 focus on small wavefunction amplitudes, and reflect the bulk localization properties controlled by ξ ⊥ . Second, correlation functions of different types reflect these two different lengths. The standard average correlation function [37, 59] is dominated by the rare branches and thus by ξ whereas a suitably defined typical correlation function is controlled by ξ ⊥ . Lastly, the behavior of spectral statistics at small energy distance is dominated by bulk localization and thus by ξ ⊥ . Importantly, we find that ξ and ξ ⊥ are associated to two different critical exponents.
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Model. We consider a generic class of random graphs [60] [61] [62] built by taking a one-dimensional Anderson model of N sites with periodic boundary conditions, and adding pN shortcut links between random pairs of sites ( pN is the integer part of pN ). The Hamiltonian reads
The on-site disorder is described by random variables ε i of zero mean with a Gaussian distribution of standard deviation W . The second term describes nearest-neighbor hopping and the third term the long-range links between
Such a graph has locally a tree-like structure with an average branching number K ≈ 1 + 2p and an average branching distance ≈ 1/(2p). This type of graph ("small world networks" [63] ) is similar to random regular graphs when p → 1/2. For all p, it displays loops of typical size ∼ log N , hence has no boundary, and the diameter (maximal distance between sites) d N increases as ∼ log N , making the system effectively infinite-dimensional. For our numerical investigations we use exact diagonalization of very large sparse matrices of sizes up to N = 2 21 with the Jacobi-Davidson method [64, 65] , using in general, for each disorder and graph realization, 16 eigenvalues and eigenfunctions closest to E = 0. We average over 3000 to 15000 disordered graphs realizations, depending on N .
It has been established [62] that the model (1) presents an Anderson transition at a certain value of disorder W c (p). Recently, the critical properties of the transition through the finite-size scaling properties of the wavefunction moments P q for large q > 1 were investigated [36] .
On the localized side these high q moments are controlled by ξ which were found to diverge at the transition as
−ν with ν ≈ 1. On the delocalized side, an ergodic behavior at a scale larger than a nonergodic volume Λ diverging exponentially at the transition as log Λ ∼ (W c − W ) −κ with κ ≈ 0.5 was found. These observations agree with the analytical predictions of [66] [67] [68] .
A simple model for ξ ⊥ . For small values of q, at the root of a finite Bethe lattice, a strong multifractal behavior [24, 59] occurs in the localized phase [29, 35] , that is, for large system sizes, moments scale as
One has q * = q * c = 0.5 at the transition [59] and q * decreases with increasing W away from W c [35] . This behavior can be interpreted as a manifestation of ξ ⊥ . Indeed, let us consider a wavefunction exponentially localized at the root of a tree with connectivity K and depth d, with the same localization length ξ ⊥ along all the branches. A simple calculation shows that for ξ ⊥ < 1/ ln K, the moment P q for such a wavefunction is:
where N = K d and τ * q is given by (2) with q * = ξ ⊥ ln K < 1 . In this picture, the strong multifractal behavior (2) is due to the exponential proliferation of sites at distance r from the root which compensates, for q < q * , the exponential decrease of the localized wavefunction. As q * = q * c = 0.5 at the transition, this simple model also suggests that the critical behavior is localized with ξ c ⊥ = q * c / ln K for the Bethe lattice. Wavefunction moments. For our model (1), we show in Fig. 1 (left , β (squares) and ξ ⊥ ln K (circles) vs W for p = 0.06, extracted from the three panels of Fig. 1 : left,τq; middle, P(|ψ| 2 ); and right, Ctyp, respectively. In the localized and critical regimes, q * ≈ β ≈ ξ ⊥ ln K. Red dotted line is a fit with the critical behavior we predict: localized, critical (W = W c ) and delocalized. In the localized regime,τ q clearly tends when N → ∞ towards τ * q in (2) with a q * < 0.5. q * can be determined by a linear fit ofτ q at small q where finite-size effects are negligible. In the critical regime the same behavior is observed, with q * ≈ 0.5 = q * c . In the delocalized regime, the behavior clearly tends to the ergodic limit τ q = q − 1 for large N . Indeed, our determination of q * at small q gives 1 in the delocalized phase (see Fig. 2 ).
Wavefunction amplitude distribution. In the Bethe lattice it was predicted [35] (see also [28, 29] ) that in the localized phase q * = β where β describes the right tail exponent of the distribution of wavefunction amplitudes at the root of the tree, P(|ψ| 2 ) ∼ (|ψ| 2 ) −1−β for large |ψ| 2 . Fig. 1 (middle) shows that for our system in the localized phase the distribution P(|ψ| 2 ) also follows an algebraic law. We obtain β ≤ 0.5 for all W ≤ W c . We note that in the directed polymer problem on random graphs, an exponent β < 1 is a marker of replica symmetry breaking [26, 57, 58] , a characteristic property of many spin glasses [69] . In the delocalized phase P(|ψ| 2 ) is clearly not algebraic for large |ψ| 2 . Typical correlation function. In the last panels of Fig. 1 we show the average and typical correlation functions. We calculated them along the 1D lattice which can be seen as a typical branch. Without loss of generality, doing so also avoids the computation of correlations on the whole graph and allows us to reach very large system sizes. We define
In the localized phase, we find C av ∼ K −r exp(−r/ξ )/r α , in accordance with [37] . The physical picture implies, and numerics confirm, that the typical correlation function C typ behaves in a different way C typ ∼ exp(−r/ξ ⊥ ). Indeed, C typ gives the typical exponential decay with ξ ⊥ along an arbitrarily chosen branch, namely the 1D lattice, whereas C av is dominated by the configurations where the rare populated branches coincide with the 1D lattice, and is thus controlled by ξ . At criticality ξ ⊥ remains finite while ξ diverges. This reflects in the fact that in the localized and critical regimes C typ C av . In the delocalized regime, C av and C typ have a very similar behavior, in accordance with the ergodic nature of this phase.
In Fig. 2 we show the variation of q * , β and ξ ⊥ as a function of W for different system sizes N . In the delocalized regime W < W c , q * tends towards a plateau at q * = 1 (dashed line in Fig. 2 ), confirming ergodicity, with strong finite-size effects close to the transition. In the localized regime W > W c the curves of q * for different N collapse onto a single curve, indicating negligible finitesize effects. In this regime, the data for q * , β and ξ ⊥ ln K agree very well with each other, and thus, as in the simple model (3), we have q
. These results confirm that the wavefunction moments, their amplitude distribution and the typical correlation function are controlled by ξ ⊥ . Moreover, q * , β and ξ ⊥ ln K are well-fitted Fig. 2) , with q * c = 0.5, ν ⊥ = 0.5 and only two fitting parameters C and W c ≈ 1.74, a critical behavior that we will derive below.
Finite size scaling. The description up to now has not addressed the strong finite-size effects clearly present close to the transition. A controlled procedure to address them uses finite-size scaling analysis [71] . This is well understood in finite dimension [72] [73] [74] [75] , but requires some care in random graphs, due to the exponential growth of the volume with linear system size (diameter). In [36] , it was shown that surprisingly the moments P q for large values of q follow a different scaling depending on the side of the transition. On the localized side, P q = P c q F lin (d N /ξ ) with d N = log N , indicating a linear scaling, whereas on the delocalized side P q = P c q F vol (N/Λ) indicating an unusual volumic scaling. This volumic scaling, together with the observed ergodic behavior at small W , implies an ergodic behavior for N Λ in the entire delocalized phase W < W c . Here P c q ≡ P q (W c ) is the critical moment at W = W c . In infinite dimension the two types of scaling are distinct. We note that similar behaviors have been observed recently for the many-body localization transition [10] .
To describe the finite-size scaling of the P q for small q < 0.5, we generalize the scaling assumptions of [36] and assume a two-parameter scaling function: with ξ and Λ two scaling parameters. We can then recover the observed large size behavior given by (2) in the localized phase W > W c if we further assume that F in (4) has the asymptotic behavior
with A a positive constant and V (X) ∼ e X the volume associated with the length X. Since P given by (2) for q
Together, (4) and (5) give
Thus P q ∼ N −τ * q , as observed in Fig. 1 , which justifies the asymptotic form (5).
In the delocalized regime, a volumic scaling (F (X, Y ) ∼ function of Y ) was observed at large q [36] , together with an ergodic behavior P q ∼ N −(q −1) for N Λ, implying ergodicity at all q. However we found an exponentially large nonergodic volume Λ close to the transition, which leaves room to a nonergodic multifractal behavior at intermediate scales and thus a linear scaling (F (X, Y ) ∼ function of X) associated with it.
The finite-size scaling of the P q for q = 0.25 and p = 0.06 displayed in Fig. 3 shows a very good collapse with a linear scaling on both sides of the transition. The asymptotic behavior of the scaling function is well-fitted by F (X, Y ) ∼ V (X) −Aq (see (5)) with A ≈ 1.9. The scaling parameter ξ is shown in the inset to diverge at the transition as ξ ∼ |W − W c | −ν ⊥ , with ν ⊥ ≈ 1 2 on both sides of the transition. This is in striking contrast with the result for large q > 1 where the localization length ξ diverges with an exponent ν ≈ 1 at the transition [36]. From (6) we infer that q
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with C a constant, in perfect agreement with numerical data (see Fig. 2 ). These results describe explicitly how ξ ⊥ approaches the finite ξ c ⊥ close to the transition. Spectral statistics. The new length scale ξ ⊥ can also be probed through spectral statistics. We study the distribution of the ratios r of spacings [76] [77] [78] between consecutive energy levels. The transition manifests itself through a change from Poisson statistics in the localized phase to a random matrix distribution in the delocalized phase, as seen in Fig. 4 left. We define the parameter η r as η r = min(r,1/r)−IP IWD−IP where the overline denotes ensemble average and I P ≈ 0.386 (resp. I WD ≈ 0.536) is min (r, 1/r) for Poisson statistics (resp. random matrix statistics). At the transition spectral statistics is expected [37] to converge to Poisson logarithmically slowly, which is compatible with our numerical data. Figure 4 right shows the result of a finite-size scaling analysis of η r for different system sizes N and disorder strengths W for p = 0.06. The raw data shown in the left panel are found to collapse after a rescaling of the form η r (W )/η r (W c ) = F lin (log 2 N/ξ) with ξ = A |W − W c | −ν ⊥ and ν ⊥ ≈ 0.5 for both sides of the transition. We note that similar scaling laws where reported in [79] for the Bethe lattice and scale-free networks. These results indicate that the behavior at small energy distance (level repulsion) is dominated by ξ ⊥ , the localization length associated with ν ⊥ . Indeed, wavefunctions at different but closeby energies are located on different branches and their overlap is controlled by ξ ⊥ .
Universality. We have checked (see forthcoming article [80] ) that our results are valid for p up to p = 0.49, which corresponds to random graphs with K = 1.98, and other types of disorder distributions. We have also checked that the new critical exponent ν ⊥ does not vary significantly as a function of q < 0.5 and 0 < p < 0.5.
Conclusion.
Our results clearly show that there exist two different localization lengths in the Anderson transition on random graphs, ξ describing rare branches and ξ ⊥ describing the bulk, which control the critical behavior of different physical observables and are associated with distinct critical exponents ν = 1 and ν ⊥ = 0.5. This clarifies the nature of the Anderson transition in the limit of infinite dimensionality, which remains, for the bulk properties, a continuous, second-order phase transition, while rare events, characteristic of random graphs, are responsible for the discontinuous properties described up to now. We further note that in finite dimension, the localization length critical exponent tends to 1/2 in the limit of large dimensionality [81] , which suggests that the rare branch mechanism may not be present in large but finite dimension. We believe that our approach could be used to describe the nonergodic properties of the many-body localization transition [10] (in particular to extract the putative typical localization length [51, 52] ), and more generally many-body states in Hilbert space [11, 15, 16] .
